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Abstract
We study the parameter estimation for excitations of Dirac fields in the expanding Robertson–Walker 
universe. We employ quantum metrology techniques to demonstrate the possibility for high precision esti-
mation for the volume rate of the expanding universe. We show that the optimal precision of the estimation 
depends sensitively on the dimensionless mass m˜ and dimensionless momentum k˜ of the Dirac particles. 
The optimal precision for the ratio estimation peaks at some finite dimensionless mass m˜ and momentum k˜. 
We find that the precision of the estimation can be improved by choosing the probe state as an eigenvector 
of the hamiltonian. This occurs because the largest quantum Fisher information is obtained by performing 
projective measurements implemented by the projectors onto the eigenvectors of specific probe states.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
The field of quantum metrology has been developed to study the ultimate limit of precision 
in estimating a physical quantity, when quantum strategies are exploited [1]. Classically, for 
a given measurement scheme, the effect of statistical errors can be reduced by repeating the 
same measurement and averaging the outcomes. Explicitly, by repeating the same independent 
measurements N times, the uncertainty about the measured parameter Θ will be reduced to the 
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J. Wang et al. / Nuclear Physics B 892 (2015) 390–399 391standard quantum limit Θ  1/√N . However, if squeezed or entangled states are used as probe 
systems which undergo an evolution that depends on the parameters to be estimated, the precision 
can be enhanced and the uncertainty can approach the Heisenberg limit Θ  1/N which beats 
the standard quantum limit [2]. It has been demonstrated that the sensitivity of the detectors in the 
Laser Interferometer Gravitational-Wave Observatory (LIGO) approaches the Heisenberg limit 
by using squeezed states of light [3]. Furthermore, quantum entanglement plays an important 
role in open questions such as the information loss problem of black holes and many authors 
have recently studied how relativistic effects might affect entanglement, classical and quantum 
discord as well as quantum nonlocality [4–11] in a relativistic frame. Most recently, the study of 
quantum metrology has been applied to the area of relativistic quantum information [12–18]. It 
was shown that quantum metrology methods can be exploited to improve probing technologies 
of Unruh–Hawking effect [12–14] and gravitation [15,16]. It was found that quantum metrology 
can be employed to estimate the Unruh temperature of a moving cavity at experimental reachable 
acceleration [17,18]. These preliminary results are of great importance for the observation of 
relativistic effects in a laboratory [19,20] and space-based quantum information processing tasks 
[21–23].
To obtain a better understanding of the application of quantum metrology to relativistic set-
tings, it is interesting to extend the studies to curved frameworks. We notice that the quantum 
metrology for scalar fields in a relativistic frame has been the focus of research [12–14,17,18], 
but such technology has not yet been applied to quantum parameter estimation for fermionic 
fields. It is well known that neutrinos are one kind of fermions and the time-evolution of a neu-
trino in an expanding universe can be described by Dirac equation. In the standard cosmology 
model, relic neutrinos act as witnesses and participants for landmark events in the history of the 
universe from the era of big-bang nucleosynthesis to the era of large scale structure formation 
[32,33]. Thus, understanding the behavior of fermions, especially the neutrinos is crucial for 
estimating the age of our universe and its fate. We also notice that the neutrinos are usually con-
sidered as spin 1/2 fermions while the spinless neutrinos is only discussed in few articles such 
as [34]. Here we study the massive Dirac field without the consideration of spin therefore cannot
model the neutrinos directly. But the model in this paper can in principle be applied to the study 
of spin 1/2 fermion [25] in the Robertson–Walker universe as well. Besides, the estimation of 
the expansion of the universe is significant to understand the source and mechanisms of primary 
particle production.
In this paper, we apply techniques from quantum metrology to estimate the expansion rate 
of the universe in the two-dimensional conformally flat Robertson–Walker (RW) metric [24–30]
for Dirac fields. The interplay between the expansion of the universe and entanglement in this 
context was studied in Refs. [24–27] both for scalar and Dirac fields. It was found that a single 
qubit initially in its vacuum state evolves to an entangled state in the particle number degree of 
freedom in the expanding universe. We will analytically calculate the quantum Fisher information 
(QFI) [31] in terms of the dimensionless mass m˜ and the dimensionless wave vector k˜ of the 
Dirac fields, where the classical expanding universe constitutes the unitary channel. By applying 
a quantum metrology strategy on the final states, the precision of the estimated parameter can be 
related to the QFI. Such procedure corresponds to finding the set of measurements that allows 
us to estimate the parameter with the highest precision. At the same time, information about 
the history of the expanding universe can be extracted from measurements on the states in the 
asymptotic future region, while the ultimate precision limit is related to the QFI. We then find 
that the precision of the estimation can be improved by choosing the projective measurements 
corresponding to eigenvectors of the particle states with some certain masses and momentums.
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fields in the RW spacetime. In Section 3 some concepts for quantum metrology are presented, in 
particular the QFI. In Section 4 we calculate the QFI and seek the best proposal for the cosmo-
logical parameter estimation. The last section is devoted to a brief summary.
2. Quantization of Dirac fields in expanding universe
In this paper we study fermions for the following two reasons. Firstly, quantum metrology 
strategies for scalar fields in a relativistic frame have been the focus of research in Refs. [12–14,
17,18], while quantum parameter estimation for the fermionic field has not been discussed. Sec-
ondly, the cosmic neutrino background (CυB) was produced approximately one second after 
the big bang and permeates the present day universe [35]. It is similar to the cosmic microwave 
background (CMB) in the sense that both of them are relic distributions created after the big 
bang. However, differently from the CMB that formed after the universe was approximately four 
hundred thousand years old, the CυB formed only about one second after the big bang [32,33,
35]. Thus, understanding the behavior of fermions, especially the relic neutrinos is crucial for 
understanding the inflationary phase of the universe and the estimating the age of our universe. 
For more details please see Ref. [25].
To quantize Dirac fields in the RW spacetime [28–30], we introduce the local tetrad field 
gμν = eμa(x)eνb(x)ηab , where gμν and ηab are metrics of the RW spacetime and Minkowski 
spacetime, respectively. The covariant Dirac equation for field Ψ with mass m in a curved back-
ground reads [36]
iγ μ(x)
(
∂
∂xμ
− Γμ
)
Ψ = mΨ, (1)
where the curvature-dependent Dirac matrices γ μ(x) relate to flat ones through γ μ(x) =
eμa(x)γ¯
a
, and γ¯ a are the flat-space Dirac matrices that satisfy {γ¯ a, γ¯ b} = 2ηab . Here Γμ =
1
8 [γ α, γ β ]eανeβν;μ are the spin connection coefficients. Throughout this paper we adopt the 
conventions h¯ = c = 1.
We solve the Dirac equation in a two-dimensional RW spacetime, which is proved to embody 
all the fundamental features of the higher dimensional counterparts [25]. The corresponding line 
element reads
ds2 = [a(η)]2(dη2 − dx2), (2)
where the conformal time η is related to cosmological time t by a(η) = ∫ a−1(t)dt . We special-
ize to a conformal factor of a form (see [25–28,37]), in which the conformal factor a(η) can be 
written as a(η) = 1 + (1 + tanhρη), where  and ρ are positive real parameters, correspond-
ing to the ratio between the initial and final volume and the expansion rate of the universe [25,
29], respectively. Note that a(η) is constant in the far past η → −∞ and far future η → +∞, 
which means that the spacetime tends to a flat Minkowskian spacetime asymptotically. In the 
asymptotic past (in)- and future (out)-regions the vacuum states and one-particle states may be 
well defined [29]. Given the particular choice of spacetime background the spin connections 
read Γμ = a˙(η)4a(η) [γ¯μ, γ¯0], where a˙(η) = ∂a(η)∂η . To solve the Dirac equation (1) in the metric equa-
tion (2), we re-scale the field as Ψ = a−3/2[γ¯ ν∂ν −ma(η)]ψ [25,26], and the dynamic equation 
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solution ψ into a spatial and temporal separable form and find that
ψ¨k
(±) + [|±k|2 + m2a(η)2 ± ima˙(η)]ψ(±)k = 0. (3)
Actually ψ(+)k and ψ
(−)
k are positive and negative frequency modes with respect to conformal 
time η near the asymptotic past and future, i.e. iψ˙(±)k (η) ≈ ∓ωin/outψ(±)k (η) with ωin/out =√|±k|2 + m2a2(η → ∓∞) and |±k|2 = k2. In the asymptotic past region, the positive and neg-
ative frequency solutions [25,28,38] of Eq. (3) are
ψ
(±)
in = exp
[
−iω(+)η − iω(−)
ρ
ln(2 coshρη)
] ∞∑
n=0
[ρ + iζ±(−)]n[iζ∓(−)]n
[ρ − iωin]n
Λn+
2nn! , (4)
where [q]n = q(q +1) . . . (q +n −1), Λ+ = 1 + tanh(ρη), ζ±(±) = ω(±) ±m and ω(±) = (ωout ±
ωin)/2. Similarly, one may obtain the modes of the Dirac fields that behaving as positive and 
negative frequency modes in the asymptotic future region
ψ
(±)
out = exp
[
−iω(+)η − iω(−)
ρ
ln(2 coshρη)
] ∞∑
n=0
[ρ + iζ±(−)]n[iζ∓(−)]n
[ρ + iωout]n
Λn−
2nn! , (5)
where Λ− = 1 − tanh(ρη). The whole information about the evolution of the spacetime is en-
coded in  and ρ. However, these two parameters contribute to construct one quantity, i.e., the 
scaling factor a(η) which affects the modes. We also notice that the expansion rate ρ is a scaling 
quantity for timescales. Therefore, the only expanding parameter we can estimate is  while ρ
cannot be measured independently. Here we can introduce the dimensionless mass as m˜ = m/ρ
and the dimensionless wave number as k˜ = k/ρ. It is now possible to quantize the field and find 
the relation between the vacuum state in the asymptotic future region and that in asymptotic past. 
Such relation can be described by a certain set of Bogoliubov transformations [29] between in
and out modes ψ(±)in (k˜) =A±k˜ ψ
(±)
out (k˜) + B±k˜ ψ
(∓)∗
out (k˜), where A±k˜ and B
±
k˜
are Bogoliubov coef-
ficients that take the form
A±
k˜
=
√
ωout
ωin
Γ (1 − iωin)Γ (−iωout)
Γ (1 − iζ∓(+))Γ (−iζ±(+))
,
B±
k˜
=
√
ωout
ωin
Γ (1 − iωin)Γ (iωout)
Γ (1 + iζ±(−))Γ (iζ∓(−))
. (6)
We can see that the Bogoliubov coefficients are independent of ρ, since they are functions of 
only the dimensionless mass and dimensionless wave number. The Dirac field undergoes an
-dependent Bogoliubov transformation, where  is the parameter to be estimated.
To find the relation between the asymptotic past and future vacuum states, we use the re-
lationship between the operators bin(k˜) = [A−
k˜
∗
bout(k˜) − B−
k˜
∗
χ(k˜)a
†
out(−k˜)], where χ(k˜) =
μ˜out
|k˜| (1 −
ω˜out
μ˜out
) with μout = ρm˜
√
a2(η → +∞). The annihilation and creation operators of 
the Dirac fields satisfy the canonical anticommutation {bout(k˜), b†out(k˜′)} = δk˜k˜′ and {bout(k˜),
bout(k˜
′)} = {b†out(k˜), b†out(k˜′)} = 0, where {·,·} denotes the anticommutator. The creation operator 
a
†
out(−k˜), acting upon the vacuum state ‖0〉 〉out [39], will populate the asymptotic future vacuum 
with a single antifermion. Here we denote the states in the antisymmetric fermionic Fock space 
394 J. Wang et al. / Nuclear Physics B 892 (2015) 390–399by double-lined Dirac notation ‖.〉 〉 [39] rather than |.〉. Imposing bin(k˜)‖0〉 〉in = 0 and the vac-
uum normalization in〈〈0‖0〉〉in = 1, we obtain the asymptotically past vacuum state in terms of 
the asymptotic future fermionic Fock basis
‖0〉〉in =
⊗
k
‖0〉〉out − γ F∗
k˜
χ
k˜
‖1k1−k〉〉out√
1 + |γ F
k˜
χ
k˜
|2
, (7)
where
∣∣γ F
k˜
∣∣2 = ζ
+
(−)ζ
+
(+)
ζ−(−)ζ
−
(+)
sinh[πζ−(−)] sinh[πζ+(−)]
sinh[πζ+(+)] sinh[πζ−(+)]
. (8)
We can see that a single qubit prepared initially in an unexcited state ‖0〉 〉in evolves to an en-
tangled state in the particle number degree of freedom in the expanding universe. The system 
is entangled by gravity during the expanding and the information about the volume ratio  is 
codified in the final state.
3. Fisher information and quantum metrology
The aim of quantum metrology is to determine the value of a parameter with higher precision 
than classical approaches, by using entanglement and other quantum resources [1]. A key concept 
for quantum metrology is the QFI [31], which relates with a measurement outcome ξ of a positive 
operator valued measurement (POVM) {Eˆ(ξ)} and takes the form of
Fξ () =
∑
ξ
P (ξ | )
(
∂ lnP(ξ | )
∂
)2
, (9)
where P(ξ | ) is the probability with respect to a chosen POVM and the corresponding mea-
surement result ξ , and  is the parameter to be estimated. According to the classical Cramér–Rao 
inequality [40], the mean square fluctuation of the unbiased error for  is
 ≥ 1/√Fξ (). (10)
Furthermore, the Fisher information is NFξ () for N repeated trials of measurement, which 
leads to Cramér–Rao Bound (CRB) on the phase uncertainty, N()2 ≥ 1/Fξ () which gives the 
maximum precision in  for a particular measurement scheme. Optimizing over all the possible 
quantum measurements provides a lower bound [2]
N()2 ≥ 1Fξ () ≥
1
FQ() , (11)
where FQ() is the quantum Fisher information. Usually, the QFI can be calculated from the 
density matrix of the state by the maximum FQ() := max{Eˆ(ξ)}Fξ (), which is saturated by a 
particular POVM and defined in terms of the symmetric logarithmic derivative (SLD) Hermitian 
operator L
FQ() = Tr
(
ρ,L2
)= Tr[(∂ρ)L], (12)
where
∂ρ = 1 {ρ,L}, (13)2
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of QFI, the calculation of L is somewhat not easy. Thus, we should rephrase the QFI by a 
spectrum decomposition of the state as ρ =∑Ni=1 λi |ψi〉〈ψi |, which has the form of
FQ() = 2
N∑
m,n
|〈ψm|∂ρ |ψn〉|2
λm + λn , (14)
where the eigenvalues λi ≥ 0 and ∑Ni λi = 1. For a quantum state with non-full-rank density 
matrix, the QFI can be expressed as [41]
FQ() =
∑
m′
(∂λm′)2
λm′
+ 2
∑
m =n
(λm − λn)2
λm + λn
∣∣〈ψm|∂ψn〉∣∣2, (15)
where the summations involve sums over all λm′ = 0 and λm + λn = 0, respectively.
4. QFI and optimal bounds for parameter estimations in RW universe
Our aim is to study how precisely one can in principle estimate the cosmological parameters 
that appear in the expansion of universe. Specifically, we will estimate the volume ratio  of the 
universe based on the quantum Cramér–Rao inequality [40]. Thus we should at first calculate the 
operational QFI in terms of the Bogoliubov coefficients which encode in the estimated parameter. 
The reduced density matrix corresponding to particle states of fixed momentum k˜ is found to be
F
k˜
= 1
(1 + |γ F
k˜
χ
k˜
|2)
(‖0〉〉〈〈0‖ + ∣∣γ F∗
k˜
χ
k˜
∣∣2‖1k〉〉〈〈1k‖), (16)
which is obtained after tracing out the antiparticle modes n−k and all other modes with different 
k since all modes decouple during the evolution of spacetime except for modes with opposite 
momenta k [25]. Assuming that now we live in the universe that corresponds to the asymptotic 
future of the spacetime, we can estimate the volume ratio of the expanding universe by taking 
measurements on the particle state equation (16).
Generally, an estimation scheme can be performed in three steps: probe preparations, evolu-
tion of the probes in the dynamic system, and measure the probes after the evolution [1]. In this 
system, the state between the created fermions and antifermions act as the probe. For different 
positive operator valued measurements (POVM) Eˆ(ξ), different values of Fisher information can 
be obtained. The aim of this paper is looking for highest precision for the estimation. Then we 
should find the optimal estimation scheme, i.e. finding the optimal POVM that allows us to get 
the largest Fisher information, i.e., the QFI. Now our main task is to find the optimal estimation 
strategy, i.e. finding an optimal measurement obtaining the QFI. In this paper the eigenvector 
|ψm〉 of the final state equation (7) is easily to be calculated. Then the projective measurement 
can be constituted by the eigenvectors |ψm〉 of the final state and the measured probabilities 
p(ξ | T ) are exactly the eigenvalues pm of the final state. The symmetric logarithmic derivative 
operator L for the parameter  is L = 2〈 〈j‖∂(F
k˜
)‖l〉 〉, where j (= l) = (0, 1) and the QFI is 
found to be
396 J. Wang et al. / Nuclear Physics B 892 (2015) 390–399Fig. 1. (Color online.) The optimal bound ()2 in the estimation of the volume ratio  of the universe over the dimen-
sionless mass m˜ of the Dirac particles. The parameters are fixed with  = k˜ = 1. The measurements repeated n = 1011
times. The QFI (dashed red line) of the Dirac fields as a function of dimensionless mass m˜ for fixed  = k˜ = 1.
FQ() =
(
1 + ∣∣γ F
k˜
χ
k˜
∣∣2)[∂
(
1
1 + |γ F
k˜
χ
k˜
|2
)]2
+
1 + |γ F
k˜
χ
k˜
|2
|γ F∗
k˜
χ
k˜
|2
[
∂
( |γ F∗
k˜
χ
k˜
|2
1 + |γ F
k˜
χ
k˜
|2
)]2
, (17)
from which we can see that the expanding parameter  is involved in the expression of QFI. 
It is worth mentioning that particles are created by the expansion of spacetime even if initially 
the field was in its vacuum state. Pairs of entangled particles with opposite momentum k˜ are 
produced. We can exploit these particles for our purposes. In some extreme cases, for example 
when m˜ = k˜ = 1 and  → ∞, Eq. (8) becomes γ F
k˜
→ 1−e(1−
√
2)π
e
√
2π+1−1 , and the QFI vanishes because 
the partial derivatives ∂( 11+|γ F
k˜
χ
k˜
|2 ) and ∂(
|γ F∗
k˜
χ
k˜
|2
1+|γ F
k˜
χ
k˜
|2 ) equal to zero. In other words, the quantum 
parameter estimation has the lowest precision when  → ∞.
The adjustable parameters in the probe state equation (16) are the dimensionless mass m˜ and 
the dimensionless momentum k˜ of the particle and antiparticles. Finally, we proceed to compute 
the error bounds which are our main quantity of interest. The optimal bound for the error in the 
estimation process can be calculated by using Eqs. (11) and (17). In Fig. 1 we plot the optimal 
bound ()2 in the estimation of the volume ratio  as a function of dimensionless mass m˜ of 
the Dirac fields. It is found that the bounds decrease rapidly as the mass for the light Dirac fields 
increases. We find that there is a finite range of masses that allows for a better estimation of the 
volume ratio. Thus one can find a method for obtaining the lowest bound by choosing the final 
projection operator to be on the eigenvectors of the particle states with a chosen mass, determined 
by the desired outcome. In this way, one can improve the quantum estimation technologies for 
the volume ratio  in an expanding universe.
In Fig. 1 we also plot the QFI (dashed red line) of the Dirac fields in the expanding universe as 
a function of dimensionless mass m˜ for fixed  = k˜ = 1. It is interesting to note that in Fig. 2 of 
J. Wang et al. / Nuclear Physics B 892 (2015) 390–399 397Fig. 2. (Color online.) The optimal bound ()2 in the estimation of the volume ratio  of the universe over k˜. The 
parameters are fixed with  = m˜ = 1. The measurements repeated n = 1011 times.
Ref. [25], the behavior of entanglement for Dirac fields is very similar with the behavior of QFI 
in this paper. Then we arrive to a conclusion that the precision of the estimation of parameters 
in the expanding universe will be improved from the increase of quantum entanglement. This 
conclusion corroborates that the precision of quantum parameter estimation can be enhanced if 
squeezed or entangled states are used as probe systems. For some very larger masses, the QFI 
diminishes due to the disappearance of quantum entanglement.
In Fig. 2 we plot the optimal bounds ()2 as a function of k˜. The minimum bound is obtained 
by numerical optimization over k˜. It is shown that the bond ()2 deceases at first and then 
increases as the increasing k˜, which means that the minimum possible bound for the estimation 
of the volume ratio  can be found for some optimal k˜. In other words, one can get the highest 
precision by choosing some fermions with some certain k˜ in the quantum measuring process.
5. Conclusions
We studied cosmological quantum metrology by incorporating the effect of universe expan-
sion in quantum parameter estimation. It is shown that the expanding spacetime background 
changes the value of QFI. At the same time, information about the history of the expanding uni-
verse can be extracted from measurements on quantum states in the asymptotic future region. 
We show that the optimal precision of the estimations depend sensitively on the dimensionless 
mass m˜ and dimensionless momentum k˜ of the Dirac particles. We find that the precision of the 
estimation of a parameter in the expanding universe will benefit from the increase of quantum 
entanglement, which corroborates the fact that the precision can be enhanced if squeezed or en-
tangled states are used as probe systems. It was also shown that the precision of the estimation 
can be improved by choosing the probe state as an energy eigenvector (i.e., defined by particle 
number). Such result can be understood from the fact that the largest QFI can be obtained by 
projective measurements corresponding to eigenvectors of the particle states of specific masses 
and momentums.
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